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Introduction

T HE objective of this Note is to investigate the performance of
Newton–Krylov methods applied to the solution of compress-

ible high Reynolds number � ows around two-dimensional geome-
tries. Although these methods have already been employed suc-
cessfully for the computationof inviscid and viscous � ows,1¡3 very
few attempts have been made to apply these techniques to the sim-
ulation of turbulent � ows with partial differential equation turbu-
lencemodels.4 In this Note, which summarizes the resultspresented
in Refs. 5 and 6, we consider the one-equation Spalart–Allmaras
model7 and the two-equationk–! model,8 and we examine the per-
formance of the Newton–Krylov solver for the computation of the
turbulent � ow over a NACA 0012 airfoil, an RAE 2822 airfoil, and
a two-element airfoil.

Spatial Discretization
The spatial discretization of the averaged Navier–Stokes equa-

tions is obtainedby a cell-centered� nite volume technique.The un-
knownsare storedat the cell centroids,and the mesh cells,which can
be arbitrary polygonals, are taken as the control volumes. The dis-
cretizationof the advective term is performedby an upwind scheme
based on Roe’s approximate Riemann solver. To obtain a higher-
order scheme, a piecewise discontinuous linear reconstruction of
the mean � ow variables is employed in each control volume.9;10

The monotonicity of the solution is achieved by introducing a dis-
continuity detector9 in the reconstruction procedure when the so-
lution contains steep gradients. The viscous term is discretized by
a compact linearity preserving scheme based on the diamond path
stencil.

The modeling of the turbulence is performed by solving either
the one-equationSpalart–Allmaras model7 or the two-equationk–!
model.8 Becausethegoverningequationsof these turbulencemodels
are similar to the mean � ow equations, the � nite volume discretiza-
tion described earlier can be equally applied to these equations.
Notice that to ensure the positivity of the turbulence variables, a
constant reconstruction is selected for them.

Implicit Time Integration
Because we are only interested in computing steady-state solu-

tions, we could apply Newton’s method directly to the nonlinear
equations f .u/ D 0. However, to widen the domain of convergence
of the method, a pseudotransient form where the time derivative
is approximated by backward differencing and a mesh sequencing
procedure are considered.The sequence of iterates un is de� ned by

un C 1 D un ¡ [.I=1t n/ C J .un/]¡1 f .un/ (1)

with the Jacobian matrix J .u/ D @ f=@u. The preceding equation is
nothing but the result of one backward Euler step and one Newton
correction step. Because m unknowns are stored per node [in two
dimensions, m D 5 or 6 depending on whether the computation is
performedwith theSpalart–Allmaras7 or thek–! (Ref. 8) turbulence
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model] and because the mean � ow equations and the turbulence
equations are solved in a form fully coupled, a Jacobian entry Ji; j

is a small dense m £ m matrix. To recover a full Newton method
at the last stage of the time integration process, the timestep 1tn is
increased inversely to the residual reduction.

A restarted version of the GMRES11 algorithm solves the linear
system. One of the most important aspects of all Krylov methods is
that the Jacobian matrix J .u/, arising from the linearization of the
function f .u/, is neverneededexplicitly.The only operationswhere
J is required are matrix–vector multiplicationsw D Jv, which can
be approximated by a � rst-order forward � nite difference formula

J .u/v D [ f .u C ²v/ ¡ f .u/]=² (2)

where ² is a perturbation.This approach is very appealing because
there is no need to compute the Jacobian matrix and to store it in
memory. This saving in memory is, however, obtained at the ex-
pense of increased computational time because each matrix–vector
product requires an additional evaluation of the nonlinear function
f . For noncompact spatial discretizationschemes, which make the
computation and the storage of the complete Jacobian matrix pro-
hibitive, Jacobian-freemethods are very attractive because they re-
tain a Newton-type convergencewithout having to compute and to
store the higher-order Jacobian matrix. Note that this approach is
not really fully matrix-free because it still requires a precondition-
ing matrix for ef� ciency purposes. Nevertheless, the latter can be
based on a lower-order discretization scheme, thus limiting both
computationaland storage costs.

The baseline preconditioning technique used in this study is an
ILU(0) factorizationof the distance-1 Jacobian matrix. This matrix
is based on a lower-order discretization of the equations because
it involves only the edge and vertex neighbors. For comparison
purposes, more complex ILU(k) factorizations and the distance-2
Jacobian matrix, namely, the matrix based on the higher-order dis-
cretization,are also considered.Because the analyticalcomputation
of the entries of the Jacobian matrix used for preconditioningpur-
poses can be complexand computationallyexpensive,they are eval-
uated by a � nite difference formula. Because highly stretched grids
are needed for turbulent � ow simulations, all of the computations
are performed in double precision. However, it has been observed
that storing the preconditioningmatrix in single precision does not
deteriorate the performance of the Krylov solver, while allowing a
signi� cant saving in memory.

At � rst sight, because a � nite difference Krylov method is em-
ployed for solving the linear system, the strong imposition of the
boundary conditions at solid surfaces requires only the modi� ca-
tion of the residual vector. However, the Krylov solver must be pre-
conditioned to achieve a high ef� ciency. Therefore, the boundary
conditionsmust be re� ected in the Jacobianmatrix used as a precon-
ditioning matrix. This is easily done by linearizing the residual.10

Whereas the computationswith the Spalart–Allmaras model can
be directly started from a uniform � ow� eld with the higher-order
scheme, the stiffness of the k–! model imposes a more careful
startupprocedure.To obtainan initial solutionfromwhich Newton’s
method converges, 100 nonlinear iterations are performed at a
Courant–Friedrichs–Lewy (CFL) number equal to 1 with a constant
reconstruction scheme and a modi� ed linearization of the source
terms, such that only the negative source terms on the right-hand
side are linearizedwhereas the positive source terms are treated ex-
plicitly, starting from a uniform � ow� eld. Keeping the same spatial
discretizationscheme but using an exact linearizationof the source
terms, the nonlinearresidualcan then bedriven to machineaccuracy.

Numerical Applications
The ef� ciencyof the Newton–Krylovmethodused in conjunction

with a mesh sequencingstrategy is assessed by calculatingthe fully
turbulent � ow (i.e., no transition points are speci� ed) over a NACA
0012 airfoil, an RAE 2822 airfoil, and a two-element airfoil. A
complete description of the geometry of these test cases as well as
a detailed comparison of the numerical solutionswith experimental
data is provided in Ref. 6.
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Turbulent Flow over a NACA 0012 Airfoil
This test case consists of the computation of the turbulent

� ow over a NACA 0012 airfoil at M1 D 0:502 and 1.77 deg of
incidence.12 The Reynoldsnumberbasedon theairfoilchordis equal
to 2:91 £ 106. A hybridCartesian/quadmeshcontaining14,110cells
is generated for this simulation. A view of this grid is presented in
Fig. 1a.

The nonlinearconvergencehistoriesfor the one-equationSpalart–
Allmaras (S–A) model7 are reported in Fig. 1b in terms of the
computationalwork. The computationalwork is de� ned as the com-
putational time normalized by the cost of one � ne mesh residual
evaluation. The computation is started from a uniform � ow� eld
with an initial CFL number equal to 10. Unless stated otherwise,
GMRES(50) is usedwith a maximumof two restarts,and theprecon-
ditioningof the linear system is achievedby an ILU(0) factorization
of the distance-1 Jacobian matrix. Because the turbulence equation
is solved in form fully coupled with the mean � ow equations, a
Newton-type convergence is also obtained for this equation.

A general trend that can be observed in Fig. 1b is that many iter-
ations are required before the turbulence is suf� ciently developed,
after which a fast convergence is obtained. To accelerate the devel-
opment of the turbulence � eld, a mesh sequencing procedure can
be used. For that purpose, two coarse meshes (3896 and 1184 cells)
are obtained from the � nest grid by a full coarsening procedure.
Figure 1c reports the convergence histories of the mesh sequenc-
ing procedure. A linear reconstruction scheme is used on the three
meshes. The computation is started from a uniform � ow� eld on the
coarsest mesh with an initial CFL number equal to 10. The initial
CFL number on the other meshes is equal to 100 because the ini-
tial guess on these grids is closer to the � nal solution. Although the
residualstill exhibitsa plateauon thecoarsestmesh, theoverallcom-
puting time is approximately reduced by a factor 2.5 compared to
the single-grid computation. Whereas with a single-grid approach
about 160 nonlinear iterations are necessary to drive the residual
norm to machine accuracy on the � nest mesh, only 14 nonlinear
iterations are required on the � nest mesh with the mesh sequencing
strategy.

Table 1 summarizes the computational costs of different precon-
ditioning techniques on the � nest mesh. In Table 1, teval and tfac

denote, respectively, the computational time required to evaluate
and to factorize the preconditioningmatrix. The memory size nec-
essary to store the factorizationis denoted by sizefac. The computa-
tional times requiredto perform50 GMRES iterationsand to reduce
the nonlinear residual by 10 orders of magnitude are denoted, re-
spectively, by tGMRES.50/ and ttotal . Finally, Ntotal and NFE denote,
respectively, the number of nonlinear iterations and the number of
function evaluations (FE) to reduce the nonlinear residual norm by
10 orders of magnitude. Because we use a � nite difference version
of GMRES, NFE also represents the total number of GMRES iter-
ations. As shown in Table 1, the computational time on the � nest
mesh can be reduced by increasing the level of � ll-in of the ILU(k)
factorization. However, it turns out that an optimum value for k
exists. The performance of the distance-2 preconditioning matrix
is also reported in Table 1. Its behavior is different from inviscid
� ow computations5 because its use with ILU(0) results in a stalled
convergence after a reduction of the residual norm that is less than
two orders of magnitude. This stalled convergence arises from the
inaccuracy in the solution of the linear system. In addition to the

Table 1 Computational cost and performance of different
preconditioning techniques (NACA 0012 airfoil)

Distance-1 Distance-2

Parameter ILU(0) ILU(1) ILU(2) ILU(5) ILU(0) ILU(1)

teval , s 4.42 4.42 4.42 4.42 8.29 8.29
tfac , s 0.64 1.89 3.58 12.70 2.58 10.97
Sizefac , MB 11.9 17.3 25.9 52.5 27.9 47.7
tGMRES.50/, s 49.62 51.82 55.09 61.15 55.22 58.17
ttotal , s 611 483 387 436 —— 482
Ntotal – 13 12 12 12 —— 13
NFE –a 552 394 271 187 —— 209

aCost of one FE is 0.69 s [HP9000/780].

a) Fine grid (14,110 cells)

b) Nonlinear convergence (single grid)

c) Nonlinear convergence (mesh sequencing)

Fig. 1 NACA 0012 airfoil (S–A model7 ).

prohibitivememory requirementsof the distance-2preconditioning
matrix, this behavior precludes its use for practical applications.

Turbulent Flow over an RAE 2822 Airfoil
For this numerical application, the computation of the turbulent

transonic � ow over an RAE 2822 airfoil is considered. The inlet
Mach number equals0.73, the Reynoldsnumberbased on the airfoil
chord is 6:5 £ 106, and the angle of incidence is equal to 2.79 deg.
These � ow conditions correspond to case 9 in the experimental
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a) Adapted grid (18,010 cells)

b) Nonlinear convergence

Fig. 2 RAE 2822 airfoil (k–! model8 ).

reportby Cook et al.13 The initial hybrid mesh generatedfor this test
casecontains15,336cells.Becauseof the relativelypoorstreamwise
grid resolution in the shock region, the shock is expected to be
somewhat smeared. Therefore, a second mesh (18,010 cells), for
which a point source is used to obtain a clustering of the grid lines
in the shock region, is considered. This mesh is depicted in Fig 2a.

Figure 2b reports the nonlinear convergence histories for the
k–! model8 on both grids. The computation on the unadapted grid
is started from a solution obtained with a constant reconstruction
scheme. The initial solution on the adapted grid is obtained by in-
terpolation. The initial CFL number on both meshes is equal to 10.
GMRES(50) is employed with a maximum of two restarts and an
ILU(0) factorization of the distance-1 Jacobian matrix. As shown
in Fig. 2b, a Newton-type convergence is achieved.

Turbulent Flow over a Two-Element Airfoil
The last test case investigatesthe simulation of the turbulent � ow

over a complex geometry, namely, a modi� ed NLR 7301 supercrit-
ical airfoil with a slotted trailing-edge � ap. This con� guration was
studiedexperimentallyby van den Berg.14 The tests were performed
at an inlet Mach number of 0.185, an angle of attack of 6 deg, and
a Reynolds number based on the main airfoil chord of 2:51 £ 106.
The initial hybrid mesh generated for this computation has 19,482
cells. Streamlines from a solution computed on this grid are used to
determine the wake emanating from the trailing edges of the main
airfoil and the � ap. The adapted mesh including the wake traces
contains 25,661 cells and is depicted in Fig. 3a.

a) Adapted grid (25,661 cells)

b) Nonlinear convergence (S–A model7)

c) Nonlinear convergence (k–! model8 )

Fig. 3 NLR 7301 airfoil.

Figures 3b and 3c report the nonlinear convergencehistories for
the S–A model7 and the k–! model.8 For both models a compu-
tation is � rst performed on the unadapted grid with an initial CFL
number equal to 10. For the S–A model the computation is started
from a uniform � ow� eld, whereas a solution obtained with a con-
stant reconstruction scheme is used as an initial guess for the k–!
model. The solution is then interpolated on the adapted grid. The
initial CFL number on this grid equals 100. For all of the compu-
tations, GMRES(50) is selected with a maximum of two restarts,
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and an ILU(0) factorization of the distance-1 Jacobian matrix is
used as a preconditionerfor the linear system. As shown in Figs. 3b
and 3c, a fast convergence is achieved on both grids for the two
turbulence models, thus demonstrating the high ef� ciency of the
Newton–Krylov approach.

Conclusions
An ef� cient pseudotransientNewton–Krylov algorithm has been

described and applied to the solution of steady-state compressible
turbulent � ows around two-dimensionalwing con� gurations.Com-
putations of several turbulent � ows have shown that 1) the strong
coupling of the turbulence model with the averaged Navier–Stokes
equationspermits a Newton-typeconvergencefor all the equations;
2) the use of a mesh sequencing strategy greatly reduces the num-
ber of nonlinear iterationsand the computationaltime; 3) the choice
of an ILU(0) factorization of the distance-1 Jacobian matrix as a
preconditioner generally results in a good compromise between
computational time and memory requirements; 4) if the memory
requirements are not essential, the choice of a higher value of the
level of � ll-in can greatly increase the performance of the Krylov
solver; and 5) the computational time required for one steady-state
calculation is equal to the cost of a few thousand evaluations of the
nonlinear residual. This makes the present solution strategy highly
competitive with state-of-the-artmultigrid techniques.
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Nomenclature
a = amplitude of oscillation, mm
c = chord of airfoil, mm
d = diameter of cylinder, mm
f = frequency of oscillation,Hz
h = nondimensionalamplitude of oscillation, a=c
k = reduced frequency parameter, 2¼ f c=U0

kh = nondimensionalplunge velocity, 2¼ f a=U0

U = mean streamwise velocity
Umax = maximum streamwise velocity
U0 = freestream velocity
Vp = peak plunge velocity, 2¼ f a, m/s
x = streamwise direction measured from the trailing edge
y = lateral direction measured from the centerline

of the airfoil
ymax = location where U D Umax

I. Introduction

F LOWS around oscillating airfoils are relevant for the analy-
sis of aircraft wing � utter, helicopter and turbomachine blade

� utter, and for the prediction of aeroacoustic noise generation.
The analysis of incompressible � ow past oscillating airfoils was

a) f = 10 Hz, k = 31:4 (kh = 0:785), and U0 = 0:2 m/s

b) f = 2:5 Hz, h = 0:025, and U0 = 0 m/s

Fig. 1 Vortex patterns for a 100-mm NACA 0012 airfoil oscillated in
plunge for h = 0:025 and various frequencies of oscillation.
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